We present one-loop matching coefficients between continuum and lattice QCD for the heavy-light four-fermion operators relevant for neutral B meson mixing both within and beyond the Standard Model. For the lattice theory we use nonrelativistic QCD (NRQCD) to describe b quarks and improved staggered fermions (AsqTad) for light quarks. The gauge action is the tree-level Symanzik improved gauge action. Matching to full QCD is carried out through order αs, ΛQCD/M b , and αs/(aM b ).
q mixing, with q = d or q = s, has been the focus of much attention by experimentalists and theorists in recent years, and it will continue to be probed extensively in the LHC era [1] . On the experimental front the mass differences between the "heavy" and "light" eigenstates in the B 0 systems, ∆M d and ∆M s , are now known very accurately [2, 3] . Measurements of the decay width difference ∆Γ s and the phase φ s by DØ and CDF have also appeared [4, 5, 6] . On the theory side neutral B systems are of particular interest as a possible window into New Physics (N P ). In the Standard Model B 0 q − B 0 q mixing does not occur at tree level and must go through box diagrams involving the exchange of two W 's at lowest order. N P could enter through the exchange of new particles in the box diagrams, or through new tree level contributions. Studies of the neutral B meson parameters can impose important constraints on different NP scenarios [1] .
Theoretical estimates of mixing rates employ effective Hamiltonians involving four fermion operators. Matrix elements of these operators between B 0 q and B 0 q states are needed to complete the calculations and this requires control over non-perturbative QCD. For instance the Standard Model expression for the mass difference ∆M q is given by [7] ,
where
2 is a perturbative QCD correction factor, S 0 (x t ) the Inami-Lim function and V tq and V tb the appropriate Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. The nonperturbative QCD input into this formula is the combination f 2 BqB Bq where f Bq is the B q meson decay constant andB Bq the renormalization group invariant bag parameter. Lattice QCD provides a first principles approach to obtaining these crucial non-perturbative factors. The first realistic lattice results that include effects from two very light and the strange sea quarks (so-called N f = 2 + 1 simulations) have now appeared [8, 9, 10] .
An important step in all lattice calculations is the matching between four-fermion operators in continuum QCD that enter into formulas such as eq. (1) and the operators of the lattice theory used in the lattice QCD simulations. In this article we present one loop matching results for a complete basis of ∆B = 2 four fermion operators relevant for mixing both within and beyond the Standard Model. In the lattice theory we employ a nonrelativistic QCD (NRQCD) action for the b quarks, an improved staggered quark action (AsqTad) for the s and d quarks and the Symanzik improved glue action.
A subset of these results was used already in reference [8] in the calculation of all the hadronic matrix elements relevant for the determination of ∆M s and ∆Γ s in the Standard Model. That was the first lattice determination of these parameters with N f = 2 + 1 sea quarks.
II. THE FOUR FERMION OPERATORS AND MATRIX ELEMENTS IN QCD
In order to study neutral B meson mixing phenomena, we focus on the following five ∆B = 2 four-fermion operators (i and j are color indices)
The subscript q stands for either the d or the s quark, both of which we take to be massless in our matching calculations, and P R,L ≡ (I ± γ 5 ). Operators Q1, Q2 and Q3 appear in the Standard Model and are relevant for the mass and width differ- ences ∆ M q and ∆ Γ q . Matrix elements of Q1, for instance, lead to f 2 Bq B Bq . Additional ∆ B = 2 operators, such as Q4 and Q5 are required when going to extensions of the Standard Model. The above five operators go under the name of the "SUSY basis of operators" in the literature [11, 12] . At intermediate stages of the matching calculation, we found it useful to introduce matrix elements of two more operators, 
where "A", "B", "C", and "D" are color indices. We also introduce external Dirac spinors u q and v q for the incoming light quark and outgoing light antiquark respectively, and similarly u Q and v Q for the outgoing heavy quark and incoming heavy antiquark. At the tree-level, matrix elements of operators Q1, Q2, Q4, and Q6 become,
Diagrammatically, we will denote the two Dirac struc-
by the first and second diagrams in Fig.1 respectively. For operators Q3, Q5 and Q7 one has similarly,
One-loop corrections to four fermion operators Qk.
The four external lines are the same as in Fig.1 .
For the cases where Γ 1 = Γ 2 the two terms in the square brackets in eqns. (10) and (11) are identical and can be combined with a factor of 2. When Γ 1 = Γ 2 these terms should be kept separate during the matching procedure. The RHS of these equations can often be simplified using Fierz relations. In particular, using formulas of Appendix A one finds,
and hence Q6 and Q7 are not independent operators. Nevertheless, we have found the bookkeeping to be simplified if one first projects onto Q6 tree and Q7 tree and then uses eq. (12) to relate back to Q5 and Q4. Continuum one-loop corrections to tree-level matrix elements are obtained by evaluating the diagrams in Fig.2a - Fig.2f ′ . We carry out these calculations in the M S-NDR scheme with definitions of general dimension four-fermion operators (i.e. of "evanescent" operators) as given in Appendix B [13, 14] . We retain only terms of O(α s ) and discard O(α s Λ QCD /M ) contributions, where M is the mass of the b quark. We thus expand the full QCD calculations to the same order to which our effective theory (lattice NRQCD) perturbative calculations of the next section are carried out. In this limit the heavy quark spinors obey,
As is well known, there is mixing among the four-fermion operators at one-loop. For instance,
+α s c 11 Q1
tree .
All matrix elements are taken between out| and |in and the superscript (0) means that we are working with spinors obeying (13) . Similarly, one finds that Q2
MS
has contributions from Q2 and Q1, Q3 MS from Q3 and
Q1, Q4
MS from Q4 and Q6, and Q5 MS from Q5 and Q7. The one-loop coefficients c xy depend on the b quark mass M , the gluon mass λ that acts as an IR regulator, and the M S-NDR renormalization scale µ. Their values for the operators in the basis (2) are given by, 
The one-loop coefficients c 11 , c 12 , c 22 and c 21 agree with the values already published in reference [15] . Using eq.(12) c 46 and c 57 can be replaced by,
c 54 = 1 4π
III.
MATRIX ELEMENTS IN THE EFFECTIVE THEORY
In effective theories such as HQET or NRQCD one works separately with heavy quark fields that create heavy quarks (Ψ Q ) and with those that annihilate heavy antiquarks (Ψ Q ). At lowest order in 1/M , matrix elements such as (10) and (11) , are reproduced by working in the effective theory witĥ
(27) If one introduces an effective theory field,
and the QCD field Ψ b are related by a FoldyWouthuysen-Tani transformation. In particular,
where the ∇ acts to the left. By inserting (29) into the expressions for the four-fermion operators Q1 -Q7, one sees that O(Λ QCD /M ) corrections to (27) can be obtained within the effective theory by adding the following 1/M operator correctionŝ
As mentioned already, our effective theory consists of lattice NRQCD for heavy quarks, the improved staggered AsqTad for light quark action and Symanzik improved glue action. Details about these actions and their Feynman rules can be found for instance in reference [16] . In this effective theory, we have evaluated one-loop corrections to matrix elements ofÔ andÔj1. The one-loop corrections toÔ involve the same diagrams Fig.2a -2f ′ as in continuum QCD. One obtains
and similarly for all the other Qk's. Several of the lattice one-loop integrals are IR divergent and we use a gluon mass λ to extract the IR finite contributions as explained in reference [16] . The c L xy 's have the same IR divergent ln(λ 2 ) terms as the corresponding c xy in continuum QCD, and they also depend on the bare heavy quark mass. The divergent terms will cancel when we do the matching (see below) and things are reduced to finite differences such as [c xy − c L xy ]. We carry out the lattice perturbative calculations in both Feynman and Landau gauges and use gauge invariance as a check on our results.
In order to calculate the one-loop renormalization coefficients for the matrix elements of the operatorsÔj1 the diagrams of Figs.3 & 4 need to be evaluated. One finds, where we ignore O(α s ) corrections to Q1j1
tree . Similar expressions are obtained for the otherÔj1.
The coefficients ζ xy tell us about the "mixing down" of a dimension seven operatorÔj1 onto dimension six operatorsÔ. On dimensional grounds these coefficients go as 1/(aM ), "a" being the lattice spacing. They represent "power law" contributions from matrix elements in the effective theory. Power law terms are unavoidable when working with effective theories and they need to be subtracted in order that the effective theory produce the same physics as full QCD (which does not suffer from power law contributions). Our matching procedure, described in the next section, will be such that power law contributions are removed from matrix elements of Oj1 through O(α s /(aM )). Errors from the mismatch between QCD and effective theory due to power law contributions will come in at O(α 2 s /(aM )).
IV. MATCHING
We wish to relate the continuum QCD matrix elements Qk MS to the matrix elements Qk ef f in the effective theory. The latter will ultimately be replaced by output from nonperturbative simulations. We will focus on matching of Q1. The other Qk's are handled identically.
If one expands the first term on the RHS of (14) in powers of 1/M , i.e. Q1 tree → Q1 
+ α s c 12 Q2
The next step is to rewrite the matrix elements ...
(0) tree appearing on the RHS in terms of matrix elements in the effective theory ... ef f . This can be accomplished by inverting (31) and (32). To the order that we are
Further possible diagrams associated with 1/M correctionsÔj1. In practice, however, these do not contribute to the ζ xy . Diagrams where the derivative acts on the heavy anti-quark propagator (top right line) similarly do not contribute.
working one has,
and
Upon inserting the last three equations into (33) one ends up with,
With (37) we have achieved the goal of relating the continuum full QCD matrix element Q1 MS to matrix elements in the effective theory. Although this perturbative matching calculation was carried out with external scattering states, one carries over matchings such as (37) to the case of hadronic matrix elements between B 0 q and B 0 q states where then Q1 ef f or Q1j1 ef f must be evaluated nonperturbatively. With such nonperturbative matrix elements in mind we define
The combination Q1j1 (aM) ). Further discussion of power law subtractions for the case of heavy-light currents are given in reference [17] . A more complete derivation of one-loop matching formulas including all contributions at O(α s Λ QCD /M ) is provided (again for heavy-light currents) in reference [18] .
A final technical detail is that eq.(37) differs from eq.(10) of [8] in that here we assume the same normalization of states in the effective theory as in continuum full QCD. For the purposes of evaluating matching coefficients it is convenient to do so. Any differences in normalization of states are taken care of at the stage of doing the non-perturbative calculations and of extracting decay constants and bag parameters.
V. RESULTS
In this section we summarize results for the effective theory coefficients c L xy and ζ xy of eqns. (31) and (32), and for the matching coefficients ρ xy of eq.(37). We present numbers for three values of the bare heavy quark mass in lattice units, aM 0 , corresponding to the b quark mass on lattices with spacings 0.09f m, 0.12f m and 0.17f m, as fixed in previous studies of the Υ system [19] . These values of a correspond to the so-called MILC fine, coarse and super-coarse lattices, which have been used extensively in recent studies of heavy-heavy [19] and heavylight [20, 21] quantities with the same choice of lattice actions as the one in the present article.
In Table I we list values for the one-loop renormalization coefficients c L xy after subtracting the IR divergent ln(aλ) 2 pieces, together with the one-loop ζ xy , which are IR finite. Table II shows values for ρ xy at scale µ equal to the heavy quark mass M . The parameter n in these two tables is the stability parameter of the NRQCD action.
In Table III we illustrate how the different diagrams contribute to c by collecting all contributions that are proportional to δ AB δ CD and that can be written (using Fierz relations to convert where necessary) in terms of Dirac struc-
We could just as well have collected terms proportional to −δ AD δ CB and of Dirac structure ( 2 terms are omitted. Numerical integration errors are of order one or less in the last digit.
VI. SUMMARY
We have completed the one-loop matching of a complete set of ∆B = 2 heavy-light four fermion operators through O(α s , Λ QCD /M b , α s /(aM b )). The main results are the coefficients ρ xy of Table II and the ζ xy of Table  I .
We find that with the lattice actions employed in this article (and in our simulations) matching coefficients are all well behaved. None of them are particularly large, and in fact many are considerably smaller than one. An interesting feature that can be extracted from the results in Table III and IV, and which holds also for the matrix elements of the other operators, is that the one-loop matching coefficients are dominated by the current-like diagrams, a and b, and the wave function renormalizations. The contributions from the pure four-fermion diagrams are at least an order of magnitude smaller. We are currently investigating non-perturbative matching methods for heavy(NRQCD)-light(staggered) currents. The same methodology could be applied here for four-fermion operators to calculate non-perturbatively the main contribution to the renormalization coefficients. In this way aM0 (n) 1.95 (n = 2) 2.8 (n = 2) 4.0 (n = 2) ρ11 0. use the results presented here will be available soon [22] . Extensions of this work to matching with other lattice actions such as the HISQ light quark action are straight- 
ln(aλ)
2 . Zq and ZQ are the light and heavy quark wave function renormalizations respectively and are taken from reference [16] . The last row gives the full c forward and are planned for the future.
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APPENDIX A: FIERZ RELATIONS IN 4 D
In this appendix we collect some Fierz relations that were found to be useful in our calculations. They are written in terms of fixed external spinors rather than fermionic fields, which means that interchanging two spinors does not bring in a minus sign. In our calculations, fermionic signs come in at the stage of doing the Wick contractions, for instance to get the RHS's of eq.(10) and (11) .
In the large M limit, i.e. with spinors obeying (13), the relation (A2) simplifies to [23] ,
